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1 English Sample

Finally, we characterize experimentally accessible
quantities required in this study. Here, we assume that
Ps () and Jg can be measured; Jg is obtained through
the time average of i since Jg = (27) ' (4/) [?,7,9,10].
Reliable data, such as experimental data and simulation
data for microsystems of colloidal particles [?,?,?,7,10]
and for certain electronic circuits [1], have been ob-
tained for these quantities of Pg(y) and Jg. In addition
to Ps(y¥) and Jg, f can be measured by calculating
f=QQn! /02” dyJsPs(y)~!, as shown in Eq. (2?).
The potential V() is reconstructed from B, Js, and
Ps(¥) (cf. [2,2,7,9,10]), as shown in Eq. (2?).

In what follows, for notational convenience, we de-
note the measured (or estimated) value of a physical

quantity « as a; for instance, in the numerical experi-

ments described below, F; and J~S as opposed to the
(true) Ps and Jg, respectively, are measured through
the numerical integration of Eq. (??). Figure ?? shows
the proposed framework inferring 8~ and Z from the

measured observables F; f:q and f

2 coherence of oscillations

2.1 Background and basic properties

Here, we define the coherence of oscillations under
synchronization using only directly measurable quan-
tities in noisy oscillators. The maximization of such
coherence of oscillations in noisy oscillators with ex-
ternal forcing was independently addressed in [?] and
[?]. In [?], the diffusion constant D was associated with
coherence (= Cp defined below), under the assumption

of a particle (or phase point) in the potential V defined



above, driven by the white Gaussian noise 77 [?]; a lower
D implies higher coherence. While, in [?], the height
of the potential barrier was associated with coherence;
a higher potential barrier implies a longer average es-
cape time over a potential barrier, which hints another
coherence measure (= Cg defined below).

Regarding these two coherence measures, we have
the following basic properties of the potential V().
Firstly, the maximum and minimum values of V(i) for
Y € [0,2n] are assumed to be attained at ¢ = ¢, and
¥, respectively, where =V’ (Y, ) = A+H(y,.5) = 0, as
shown in Fig. ??(a); ¥, and 5 respectively correspond
to the unstable and stable points for the phase equation
g =A+H@Y) 2.5

H'(%) = _V/’(‘ﬁu) > O’ H/(‘ps) = _V”(Gbs) <0.

e

On the other hand, we define the maxima and min-
ima of Ps(¥) as ¢ = yYmax and Ypin, respectively,
which satisfy P¢(¥max) = P5(¥min) = 0, as shown
in Fig. ?2?2(b). Then, we obtain ¥max min = ¥s,u, Ie-
spectively, asymptotically for | f| < 1 or for 8 > 1, as
follows. First, after integrating the RHS of Eq. (??) and
plugging P (¥max,min) = 0 into the result, we obtain the

following:

[A + H(‘/’max)] Pg (l»[/max)

= [A + H(‘//min)] PS(wmin) =Js. 2

Next, as | f| = Ooras 8 — oo, |Jg| — 0 follows imme-
diately from Eq. (??) and hence A + H (¥max.min) — 0
in Eq. (2). These imply that Y/ max min & ¥s,u, respec-
tively. Here, we note that for all the examples in Sec. ??,

Ymax.min ® Y¥s., Was numerically verified.
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